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Transient ®olume-a®eraged and spatial intraparticle contaminant concentration in a
dissol®ed phase of spherical immobile aggregates is examined using the linear dri®ing

( ) ( )force LDF model, a special case of a generalized concentration profile GCP approx-
imation. Particular cases are sol®ed when a mass flux occurs between the surrounding
bulk concentration and intraparticle concentration. Four different forms for the time-
®ariant surrounding bulk concentration are considered: linear, exponential, sinusoidal
( )oscillatory and step function. Both pointwise and ®olume-a®eraged intraparticle con-

(centrations computed by the LDF model match the numerical and analytical when
)a®ailable solutions almost perfectly, when the surrounding bulk concentration is as-

sumed to be changing linearly or exponentially. For the other two cases, howe®er, only
®olume-a®eraged concentrations across the immobile spherical particle and the tempo-
ral concentrations at the outer boundary of the particle computed from the LDF approx-
imation match the numerical model results reasonably well.

Introduction
A radial diffusion model has commonly been used in vari-

ous disciplines to simulate the rate-limited mass-transfer pro-
cesses of contaminants in porous media, for example, in soil-

Žwater, soil-vapor, and sediment-water systems Wu and
Gschwend, 1986; Gierke et al., 1990, 1992; Haggerty and

.Gorelick, 1995; Ng and Mei, 1996 in gas-particulate systems
Ž .in the atmosphere Rounds and Pankow, 1990 , and sorptive

Žkinetics of persistent persticide residues in seawater Gonza-
.lez-Davila et al., 1995 . The radial diffusion model has also

been used for the fixed-bed adsorber to model intraparticle
Ždiffusion rates Rasmuson and Neretnieks, 1980; Tomida and

.McCoy, 1987; Li and Yang, 1999 and for the simulated mov-
ing bed to describe intraparticle mass-transfer rates in bi-dis-

Ž .perse porous adsorbents Azevedo and Rodrigues, 1999 .
Because the LDF approximation, which goes back to

Ž .Glueckauf 1955 , provides substantial simplifications in com-
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putations, it has been widely employed in various problems
Žthat involve intraparticle diffusion Rice, 1982; Goto et al.,

1990; Farooq and Ruthven, 1991; Peker et al., 1992; Ro-
. Ž .drigues and Dias, 1998; Li and Yang, 1999 . Liaw et al. 1979

Ž .showed that the LDF method of Glueckauf 1955 for a par-
ticle mass transfer could be approximated by a parabolic con-

Žcentration profile for intraparticle diffusion Rice et al., 1983;
.Do and Rice, 1986 . The GCP approximation to the intra-

particle concentration reduces the transient radial diffusion
model with complex boundary conditions to a first-order sim-
ple ordinary differential equation for both the intraparticle
volume-averaged and the point-wise contaminant concentra-
tion across the soil aggregates.

Assuming no external mass-transfer resistance, Li and Yang
Ž .1999 utilized the radial diffusion model to determine the
diffusion of adsorbate within an adsorbent particle. They
considered a symmetry condition at the center and a speci-

Žfied time-variant concentration profile Dirichlet boundary
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.condition at the outer boundary of an immobile spherical
particle. In this article, their radial diffusion model will be
modified by replacing the Dirichlet boundary condition by a
more general Robin boundary condition to account for the
mass transfer between the immobile phase within the particle
and the surrounding bulk concentration. The radial diffusion
model will then be solved for four different scenarios in which

Ž . Ž .surrounding bulk concentration varies in time: 1 linear; 2
Ž . Ž .exponential; 3 oscillatory; and 4 step function. To analyze

Žthe performance of the LDF approximation, analytical when
.available and numerical solutions for the four cases will be

compared with the intraparticle concentration profiles that
will be derived through the LDF and GCP approximations.

Radial Diffusion Model
The sorptive interaction between surface sediments, col-

loidal particles, and persistent contaminant residues strongly
affects the transport and fate of contaminant residues in sur-
face and subsurface water. One of the most common models
to simulate the rate-limited mass transfer between the immo-

Žbile zone within a spherical particle sediment, soil, particu-
.late, and so on and the surrounding bulk concentration is

Ž .the radial diffusion model Wu and Gschwend, 1986

­S bD ­ ­ Cr m r2s r 1Ž .2 ž /­ t ­ r ­ rr

in which S is the total local volumetric concentration in ther
Ž 3.porous sorbent MrL , C is the intraparticle contaminantr

Ž 3.concentration in a dissolved phase MrL , b is the porosity
of the sorbent, D is the pore fluid diffusivity of the sorbatem
Ž 2 .L rT , and r is the radial distance from the center of a
spherical grain. When the sorption process is linear and re-
versible, Eq. 1 can be rewritten in terms of the dissolved con-

Ž .centration Ng and Mei, 1996

­ C D ­ ­ Cr e r2s r 2Ž .2 ž /­ t ­ r ­ rr

bDm
D s f b , t 3Ž . Ž .e 1y b r K q bŽ . s p

in which D is the sorption-retarded effective intraparticlee
Ž 2 .diffusivity L rT , K is the equilibrium partition coefficientp

Ž 3 . Ž 3. Ž .L rM , r is the bulk density MrL , and f b , t is a cor-s
Žrection factor for the diffusion coefficient Wu and Gschwend,

.1986 that includes the effects of tortuosity and intra-aggre-
w Ž . xgate porosity f b , t is taken unity in this article .

The initial and boundary conditions for the intraparticle
contaminant concentration in a dissolved phase can be ex-
pressed as

C r , 0 sC 4Ž . Ž .r 0

­ C r , tŽ .r
s0 at r s0 5Ž .

­ r

­ C r , tŽ .r
D s k C t yC R , t at r s R 6w xŽ . Ž . Ž .e f bulk r­ r

in which C is the initial intraparticle concentration that re-0
Ž 3.mains constant across the spherical solid particle MrL ,

Ž .C t is the surrounding bulk concentration in a dissolvedbulk
Ž 3. Ž .phase MrL , k is the mass-transfer coefficient LrT , andf

Ž .R is the radius of the immobile spherical particle L . An
analytical solution is available for the radial diffusive model
given in Eq. 2 with the auxiliary conditions specified in Eqs. 4
through 6 when the surrounding bulk concentration is as-
sumed to vary linearly in time. However, if the surrounding
bulk concentration varies as an exponential, oscillatory, or
step function, the corresponding analytical solutions would
likely be computationally very intensive, if at all tractable.
Thus, only the numerical model will be used to analyze the
performance of the GCP approximation and LDF model for
those cases.

Volume-Averaged Formulation to Radial Diffusion
Model

The volume-averaged concentration of contaminant within
the immobile spherical aggregates can be defined as

3 R 2C t s C r , t r dr 7Ž . Ž . Ž .Hr r3R 0

Ž .in which C t is the volume-averaged intraparticle concen-r
Ž 3.tration within the immobile particles MrL . The volume-

averaged equivalence of Eq. 2 can be written using the
boundary conditions specified in Eqs. 5 and 6 as follows

3k­ C tŽ . fr
s C t yC R , t 8w xŽ . Ž . Ž .bulk r­ t R

Although the volume-averaging reduces the original sec-
ond-order partial differential equation to a first-order ordi-

Ž .nary differential equation, Eq. 8 is intractable unless C R, tr
is known beforehand. Difficulties arise in the computation of

Ž .the volume-averaged concentration, because C R, t is notr
necessarily equal to the surrounding bulk concentration when
a mass flux between the surrounding bulk and intraparticle
concentrations takes place.

Appoximations to Radial Diffusion Model
( )Generalized concentration profile GCP approximation
Ž .The intraparticle concentration C r, t can be representedr

by the GCP to be a function of two time-dependent parame-
Ž . Ž .ters A t and B t and an order of approximation n as in Li

Ž .and Yang 1999

C r , t s A t q B t r n 9Ž . Ž . Ž . Ž .r

Ž .Liaw et al. 1979 used a parabolic concentration profile
Ž .ns2 in Eq. 9 to represent the LDF approximation. Thus,
in the subsequent sections, Eq. 9 will be referred to as the
LDF model when the order of approximation is equal to 2.
When the order of approximation is different from 2, Eq. 9
will be referred to as GCP. The volume-averaged intraparti-
cle concentration and the surrounding bulk concentrations

Ž . Ž .can be written in terms of A t and B t with Eqs. 6, 7, and 9
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as follows

3B tŽ .
nC t s A t q R 10Ž . Ž . Ž .r nq3

n
nC t s A t q B t R 1q 11Ž . Ž . Ž . Ž .bulk ž /Bi

Rk f
Bis 12Ž .

De

in which Bi is the Biot number, or the ratio of external to
internal mass-transfer rates. The time-dependent coefficients
can be expressed by inversion of Eqs. 10 and 11

nq Bi nq3Ž .Ž .
A t sC t y C t yC t 13Ž . Ž . Ž . Ž . Ž .bulk bulk rn nq Biq3Ž .

nq3 BiŽ .
B t s C t yC t 14Ž . Ž . Ž . Ž .bulk rnnq Biq3 nRŽ .

The pointwise intraparticle contaminant concentration in a
dimensionless form u at a distance z s rrR can be calculated
in terms of dimensionless surrounding bulk u , and thebulk
volume-averaged intraparticle concentrations u from Eqs. 9,
13, and 14

nq3Ž .
nw xu su y ? nq Bi 1yz ? u yuŽ . Ž .bulk bulkn nq Biq3Ž .

15Ž .

For a non-zero initial concentration, the following dimen-
sionless concentrations were used in Eq. 15, and will be used
in the subsequent sections unless otherwise stated

C r , t yC C t yCŽ . Ž .r 0 r 0
u s ; u s ;

C C0 0

C t yCŽ .bulk 0
u s 16Ž .bulk C0

Ž .The volume-averaged intraparticle concentration C t inr
Eq. 16 can be evaluated from the following ordinary differen-
tial equation that can be obtained by first evaluating Eq. 15
at r s R, and then substituting the result, expressed in terms

Ž . Ž .of C t yC r, t into Eq. 8bulk r

3k­ C nq3Ž .fr
s ? C t yC t 17Ž . Ž . Ž .bulk r­ t R nq Biq3Ž .

Ž .Then, C t from Eq. 17 can be calculated asr

C t sC ts0 ?exp yc tŽ . Ž . Ž .r r

t X X Xqc C t exp c t y t dt 18Ž . Ž . Ž .Ž .H bulk
t s 0

k k3 nq3Ž .f f
c n sj n ? s ? 19Ž . Ž . Ž .

R nq Biq3 RŽ .

The integral in Eq. 18 can be evaluated analytically or nu-
merically, based on how the surrounding bulk concentration
is defined. Once the volume-averaged intraparticle concen-
tration is calculated from Eq. 18, then the pointwise intra-
particle concentration can be calculated directly from Eq. 15.
This procedure will be used in comparing the performance of
the GCP approximation and the LDF model against numeri-
cal and analytical solutions for four different cases in the fol-
lowing sections. The dimensionless form of the volume-aver-
aged intraparticle concentration will be computed and used
for all aforementioned cases in the subsequent sections.

( )Finite Difference FD Approximation
As mentioned earlier, an analytical solution is available to

the radial dispersion model for a linearly-varying surrounding
bulk concentration. For the other cases, however, analytical
solutions are not known. In such cases, we resort to numeri-
cal solution techniques to examine the performance of the
GCP approximation and the LDF model.

The radial diffusion model will be solved using the finite
difference approximation based on the Crank-Nicolson

Žscheme with a s0.5 a weighting parameter between the im-
.plicit and explicit finite difference approximations to ensure

that the solution is unconditionally stable. In the FD scheme,
Ž .it is assumed that there are N nodes and Ny1 intervals

Ž .with a length of D R such that D Rs Rr Ny1 , and with the
Ž .grid coordinates of r s iy1 D R in which i represents thei

node number along the radial distance away from the center
of particle. The total simulation period is t s nD t in whichn
D t is the time increment and n is the time step index. For

n Ž .C sC r ,t , the FD approximation for each node can bei i i n
written as follows:

Ž .At the center of the spherical particle is1 , r s0 is a
singular point for the radial diffusion model. However, the
finite difference approximation can still be written using

¨Ž .L’Hopital’s rule Ozişik, 1989

˜ nq1 nq1 ˆ n nb C qc C s b C yc C 20Ž .˜ ˜1 1 1 2 1 1 1 2

in which

3D 1 y3D y3D 1e e e˜ ˆb s q ; c s ; b s q 21Ž .˜1 1 12 2 2D t D tD R D R D RŽ . Ž . Ž .

Ž .For any interior point 1- i- N

nq1 nq1 nq1 n n na C q b C qc C sy a C q b C yc C 22Ž .i iy1 i i i iq1 i iy1 i i i iq1

in which

0.5D iy2 y D 1e e
a s ; b s y ;i i2 2ž /iy1 D tD R D RŽ . Ž .

0.5D i D 1e e
c s ; b s y 23Ž .i i2 2ž /iy1 D tD R D RŽ . Ž .

Ž .At the outer boundary at r s R, is N
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aX C nq1 q bX C nq1 sy aX C n q bX C n
N Ny1 N N N Ny1 N N

2D R
nq1 ny k c C qC 24Ž .Ž .f N bulk bulkDe

in which

2D R
X Xa s a qc ; b s b yc k ;Ž .N N N N N N fž /De

2D R
Yb s b qc k 25Ž .N N N fž /De

A set of equations given in Eqs. 20 through 25 was written in
Ž .tridiagonal matrix form and solved for C r,t by the Thomasr

algorithm. After that, the pointwise and volume-averaged
concentrations were expressed in terms of dimensionless
groups using Eqs. 15 and 16.

Time-Variant Surrounding Bulk Concentration
Ž .Li and Yang 1999 considered a specified boundary condi-

tion at the outer boundary of the spherical particle without
addressing mass-transfer resistance between the surrounding
bulk concentration and intraparticle concentration. However,

Ž . Ž .for Dirichlet condition at the outer boundary, A t , B t , and
Ž . Ž .C r, t in Eqs. 1.9 through 1.11 in Li and Yang 1999 shouldr

be

nq3Ž .
A t sC R ,t y C R ,t yC t 26Ž . Ž . Ž . Ž . Ž .r r rn

nq3Ž .
B t s C R ,t yC t 27Ž . Ž . Ž . Ž .r rnnR

nq3Ž .
nu su z s1 y ? 1yz ? u z s1 yu 28Ž . Ž . Ž . Ž .

n

Following the same procedure outlined in the previous sec-
Ž .tions, C t can be calculatedr

C t sC ts0 ?exp yf tŽ . Ž . Ž .r r

t X X Xw xqf C R ,t exp f t y t dt 29Ž . Ž . Ž .H r
t s 0

3D nq3Ž .
f sf n s 30Ž . Ž .2R

An algebraic error leading to erroneous conclusion in Li
Ž . Ž .and Yang 1999 was highlighted by Sircar and Hufton 2000 .

The primary extension of this article beyond Li and Yang’s
Ž .1999 work is the consideration of mass transfer between the
immobile intraparticle concentration within the soil particle
and the transient surrounding bulk concentration in the model
formulation, through which the performance of the LDF ap-
proach is to be tested. This analysis will be performed in the
following sections on an immobile spherical grain that has a
concentration equal to the surrounding bulk concentration

Ž Ž . Ž . .initially C ts0 sC ts0 sC . The bulk concentra-r bulk 0
tion will then be varied as a linear, exponential, oscillatory,

or step function in time. For each case, the intraparticle con-
centration will be computed by LDF model and GCP approx-
imation, which will subsequently be compared with the nu-

Ž .merical and analytical when available solutions.

Case 1: Surrounding bulk concentration ©aries linearly in
time

The surrounding bulk concentration is assumed to vary lin-
early in time, starting from its initial concentration equal to
the uniform initial concentration across the spherical particle
w Ž . Ž . xC t sC ts0 q bt . The analytical solution for thisbulk bulk

Ž .problem in dimensionless form is Luikov, 1968

1 2
2u s P ? t y 1q yzd ½ ž /6 Bi

` A Sin m zŽ .n n 2q exp ym t 31Ž .Ž .Ý n2 5zmm nnns1

in which

1r2222 Bi m q Biy1Ž .Ž .nnq1A s y1 32Ž . Ž .n 2 2m q Bi y BiŽ .n

D t bR2
e

t s ; P s 33Ž .d2 D CR e 0

t is the dimensionless generalized time, which is usually re-
Žferred to as Fourier criterion denoted by F in Luikov0

Ž ..1968 , and P is the Predvoditelev criteria that character-d
izes the rate of ambient concentration increase. m in Eq. 32n
is determined from the following characteristic equation

1
tan m sy m 34Ž .n nBiy1

For t 41, one term is sufficient to evaluate the summa-
Ž .tion in Eq. 31 adequately Luikov, 1968 . However, for smaller

Ž .times as time approaches zero more terms are needed. In
this article, the first six terms were used to compute Eq. 31.
Pointwise concentrations for t G0.453 did not change when
more terms in addition to the first two terms are included in
evaluating the summation. In contrast, at t s0, the uniform
nonzero initial concentration C throughout the spherical0
particle could not be reproduced exactly by using the first six
terms alone. The absolute error incurred was in the range of
0.14]1.3%. It should also be noted that z s0 is a singular
point to Eq. 31. As in Eq. 20, a solution for Eq. 31 at the

Ž .center of the particle z s0 can be obtained using L’Hopital’s
rule, with an error of 1.8% when only the first six terms are
used. The volume-averaged intraparticle solution can also be

Ž .calculated analytically Luikov, 1968

`1 5 Bn 2u s P ? t y 1q q exp ym t 35Ž .Ž .Ýd n2½ 5ž /15 Bi mnns1

6 Bi2

B s 36Ž .n 2 2 2m m q Bi y BiŽ .n n
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The same problem was solved using the FD and GCP ap-
proximations. The convergence analysis was conducted for FD
using the analytical solution in Eq. 31 to determine the best
spatial and temporal increments in the finite difference for-
mulation. For GCP, the volume-averaged intraparticle con-
centration in a dimensionless form is computed directly from
Eq. 18

Pd
u s ? j n ? Bi ?t y1qexp yj n ? Bi ?t 37Ž . Ž . Ž .Ž .Ž .

j n ? BiŽ .

Case 2: Transient surrounding bulk concentration that
©aries exponentially

The surrounding bulk concentration is assumed to be
changing exponentially in time, starting from its initial con-
centration, which is equal to the initial concentration across

w Ž . Ž . Ž .xthe spherical particle C t sC ts0 ?exp bt . Thisbulk bulk
radial diffusive model was solved using both FD and GCP
approximations. The nondimensional, volume-averaged in-
nerparticle contaminant concentration from GCP is

Xw xu s exp yj n ? Bi ?t y1qcŽ .Ž

= exp s t qj n ? Bi ?t y1 ?exp yj n ? Bi ?t 38w x� 4Ž . Ž . Ž .Ž .d

bR2 c
Xs s ; c s 39Ž .d D c q be

Case 3: Transient surrounding bulk concentration that
displays oscillatory beha©ior

The surrounding bulk concentration is to display sinusoidal
variations in time. The initial bulk concentration is assumed
equal to the initial concentration of the spherical particle.

Ž .The surrounding bulk concentration varies as C t sbulk
Ž . 2C ts0 ? Cos bt. As in Case 2, this model was also solvedbulk

using both FD and GCP approximations. The volume-aver-
aged innerparticle contaminant concentration in dimension-
less form for this case is

c
u t sy1q c Cos s t q2l Sin s tŽ . Ž . Ž .Ž .d d2 2ž c q4l

2l2

?exp j n ? Bi ?t ?Cos s t q exp j n ? Bi ?tŽ . Ž . Ž .Ž . Ž .Žd c

y1 yc q1 ? exp yj n ? Bi ?t 40Ž . Ž .Ž .. /
Case 4: Transient surrounding bulk concentration that
©aries as a step function

Both the particle and the surrounding bulk concentration
are assumed to have a zero initial concentration. The concen-
tration of the surrounding media is then incremented to a
certain concentration level instantaneously and kept at that
level for a certain period 0-t -t . At the end of this period0
t st , the bulk concentration was dropped instantaneously0

to a level of zero. This model was also solved with the GCP
and FD approximations. Different from the aforementioned
cases, the dimensionless volume-averaged intraparticle con-
centration for GCP of Case 4 is obtained by normalizing the
concentrations with respect to the maximum bulk concentra-

Ž .tion Cbulky max

X X Xu t Ft s u t s0 qu t s0Ž . Ž .Ž .0 bulk

w x w x= exp j n ? Bi ?t y1 ?exp yj n ? Bi ?t 41� 4Ž . Ž . Ž .
X X w xu t )t su t st ?exp yj n ? Bi ?t 42Ž . Ž . Ž . Ž .0 0

in which

C t C tŽ . Ž .r bulkX Xu s ; u s 43Ž .bulkC Cbulky max bulk y max

Once the volume-averaged intraparticle concentration is cal-
culated, the pointwise concentration across the spherical par-
ticle can be calculated directly from Eq. 15 for all cases.

Application
Time-variant pointwise and volume-averaged concentra-

tions over a spherical homogeneous immobile particle sur-
rounded by a spatially-uniform, transient bulk concentration,
expressed in various mathematical forms, were analyzed. In
these analyses, the Biot number was set equal to 10, consist-
ent with the condition that the Biot number is usually greater

Žthan unity for particle mass-transfer processes Froment and
.Bischoff, 1979 . The parameter b in Case 1, Case 2, and Case

3 that appear in the definition of the surrounding bulk con-
centrations, were set equal to 2, 0.04, and 1, respectively.

Ž .Moreover, P s14.706, s s0.882 for Case 2 , s s22.059d d d
Ž .for Case 3 were used in computations. According to conver-
gence analysis on numerical solutions for all cases, the spatial
and time domains were discretized into 30 and 4,800 nodal
and temporal spacing, respectively.

It is well known from the earlier studies that the LDF ap-
proximation may produce a negative concentration profile or
significant deviations from the exact profile in short times.
For the first case, as an example, negative concentrations were
computed by the LDF and GCP approximations when t -
0.161. Moreover, the concentration profile computed by the
LDF model did not match the exact profile reasonably well
for t -0.360.

Figure 1 compares the spatial concentrations across the
spherical particle computed by the GCP, LDF, analytical and
FD models for the first case at t s0.453, in which the LDF
model matched the analytical and numerical solutions rea-
sonably well. The spatial concentration profiles obtained from
GCP approximations, however, diverge from the numerical
and analytical model solutions more and more, as we move
from the outer boundary towards the inner boundary of the
particle. On the other hand, the analytical, FD, and GCP
Ž .regardless of ‘‘n’’ chosen for GCP solutions yielded practi-
cally the same concentration level at and near outer bound-
ary of the particle. The same conclusions can also be drawn

Ž .for case 2 see Figure 2 in which the performance of the
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Figure 1. Pointwise concentration across the immobile
( )particle at t =0.453 Case 1 .

GCP and LDF were compared with solutions from the FD
model alone. The same pattern in Figures 1 and 2 was also
observed at later times, for example, at t s0.907 and t s
2.267, although they are not included in this article.

Figure 3a shows the spatial concentration profiles for case
3 at t s0.453, obtained from the FD model compared with
GCP approximations. Unlike the first two cases, neither the
GCP nor the LDF model could match the concentration pro-
file computed by the FD model across the particle reasonably
well. However, LDF solution apparently followed the numer-
ical solution slightly better than GCP approximations. At z s
1, both the LDF model and the GCP approximations agreed
with the solution from the FD model reasonably well. The
same conclusion was also found valid for concentration pro-

Ž .files at later times they are not shown in this article . Figure
3b shows, that, although the FD and the LDF models pro-
duced totally different spatial concentration profiles at the
inner boundary, as well as across the particle at three distinct
times, the computed point concentrations at the outer
boundary of the particle from those two models approached
to the same concentration level at each time.

For case 4, concentration profiles obtained from the GCP
with a lower order of approximations, specifically ns1 and

Figure 2. Pointwise concentration across the immobile
( )particle at t =0.453 Case 2 .

Figure 3a. Pointwise concentration across the immo-
( )bile particle at t =0.453 Case 3

ns2, conformed to the solution obtained from the FD model
slightly better. At and near the outer boundary of the parti-
cle, concentration profiles obtained from the FD, LDF, and
GCP with various orders of approximations converged to the

Ž .same concentration level Figure 4 , as in case 3. On the other
hand, concentration profiles computed by the LDF and GCP
displayed significant deviations at and near the inner bound-
ary of the particle, as in the other cases.

Regarding the computed transient volume-averaged con-
centrations, solutions obtained from the analytical model
Ž . Ž .only for Case 1 , LDF, and GCP for all cases were found
to be indistinguishable on the curve of the volume-averaged
concentration vs. the dimensionless time. Thus, the relative

Žerror absolute percent deviations of LDF and GCP solutions
from the analytical solution for Case 1 and from the numeri-

.cal solution for Case 2 were plotted to show the perform-
Ž .ance of LDF and GCP approximations Figures 5 and 6 . Di-

mensionless volume-averaged concentrations were found very
small for the third and fourth cases; thus, only deviations from
the corresponding numerical solutions were plotted in Fig-
ures 7 and 8. In Figures 5 and 6, relatively high error in early

Figure 3b. Pointwise concentration across the immo-
bile particle for Case 3.
Dashed lines correspond to concentrations profiles com-
puted by the FD, whereas solid lines represent the con-
centrations profiles computed by the LDF.

October 2000 Vol. 46, No. 10 AIChE Journal2102



Figure 4. Pointwise concentration across the immobile
( )particle at t =0.181 Case 4 .

times can be attributed to the very small volume-averaged
adsorbed amounts during the initial period of the simulation.
For the first case, the relative error incurred by the GCP
Ž .with ns3 and ns4 and LDF approximations remained
below 8% over the entire simulation period. For the second
case, the relative error in the LDF model and GCP solutions

Ž .with ns3 and ns4 , as compared to the numerical solu-
tion, was found not exceeding 10% for t )0.43. For the third
and fourth cases, the LDF solution deviated from the corre-

Ž .sponding numerical solution in the range of y0.11 and 0.06
Ž .and y0.09 and 0.07 , respectively. According to Figure 7,

Ž .the LDF model and GCP solutions with ns1 displayed
practically the same performance for the third case. How-
ever, as the order of GCP increases beyond ns2, the maxi-
mum discrepancy between the FD and GCP solutions be-
comes larger. For Case 4, the volume-averaged intraparticle
solution obtained from the FD model was approximated bet-

Ž .ter by LDF model and GCP with ns3 and ns4 . As should
be expected that as the order of GCP goes up beyond ns4,
the range of deviations from the FD model becomes larger.

Figure 5. Relative error with respect to the exact solu-
tion for Case 1.

Figure 6. Relative error with respect to the exact solu-
tion for Case 2.

In light of the above observations, the LDF model can be
used to solve the radial diffusive transport model with a gen-
eral Robin boundary condition, when the surrounding

Žboundary conditions vary monotonously linearly or exponen-
.tially . If the surrounding bulk concentration varies non-

Ž .monotonously oscillatory or step function , then the LDF
model can be used if the time-variant volume-averaged con-
centration values and the time-series of concentration at the
outer boundary are of interest.

It is important to note that the pointwise concentrations
computed by the LDF and numerical models do not match
perfectly for the third and fourth cases, the volume-averaged
concentrations and nodal concentrations at the outer bound-
ary match well in all cases. These quantities are important
for larger-scale applications, because they characterize the
bulk-scale concentrations that matter when accounting up-
scaled mass balance in multiphase systems. Specifically, the
volume-averaged concentrations represent the total mass
stored in the intraparticle regimes, and the outer boundary
concentrations often determines the mass-transfer rate at the

Figure 7. Deviations from the numerical solution for
Case 3.
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Figure 8. Deviations from the numerical solution for
Case 4.

particle-aqueous phase interface in bulk media models, via
various nonequilibrium kinetic models. The consistent agree-
ment in simulation of these particular quantities indicates
promising potential for the utility of the LDF approach in
representing contaminant and other material density fate and
transport in field-scale applications that involve the same ge-
ometry and coordinates. For instance, mass transfer in satu-
rated porous media occurring in the natural subsurface as
well as in packed-bed reactors is often addressed by assuming

Ž .that the porous grains of the porous medium can be treated
Žas identically-sized spheres Rasmuson and Neretnieks, 1980;
.Rao et al., 1980, respectively . Mass transfer across the aque-

ous-solid interface is alternately represented as a first-order
Žkinetic expression Coats and Smith, 1964; van Genuchten
.and Wierenga, 1976 involving the difference in concentra-

tions in the aqueous phase and either at the boundary of the
particle or volume-averaged within the particle, or, via a dif-
fusive transport within the particle as in Wu and Gschwend
Ž . Ž . Ž .1986 , Ball and Roberts 1991 , Cunningham et al. 1997 ,
and others including this article. In these latter cases the ra-
dial coordinate is intended and used as an effective dimen-
sion representing a characteristic length for mass stored
within the porous solid phase. A significant contributor to
the computational complexity of such models is the diffusion
in the radial coordinate. Thus, the simplifications provided
by the LDF approach, shown here to consistently respresent
the volume-averaged and boundary concentrations, may prove
useful in reducing the computational requirements of such

Ž .field-scale and reactor-scale models that involve diffusion
along an effective radial coordinate. One of the benefits of
the solution described here is that they provide a mechanistic
representation of mass transfer that is also more amenable to
upscaling than conventional numerical solution.

Conclusions
A radial diffusive transport model that allows a mass ex-

change between the surrounding bulk concentration and im-
mobile intraparticle concentration was studied to analyze the
performance of GCP and LDF models in computing both
pointwise and volume-averaged intraparticle concentrations

over spherical aggregates. The model was solved for both
monotonously and nonmonotonously varying surrounding
bulk concentrations. For the particular problem considered
in this article, LDF model results agreed fairly well with the

Žpointwise including both the inner and outer boundary
.nodes and volume-averaged intraparticle concentrations

Ž .computed by analytical when available and FD solutions,
when the surrounding bulk concentration varied mono-

Ž .tonously linearly and exponentially in time. However, when
the surrounding bulk concentration was assumed to vary non-

Ž .monotonously sinusoidal and step function , only volume-
averaged intraparticle concentration and concentration at the
outer boundary of the spherical particle computed by the LDF
model agreed reasonably well with FD model results.
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